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SOL UTION OF PROBLEM 89. {BEE PA GE 195, VOL. II.) 




Let m, m', be the masses of the spheres R and r ; x,y, the horizontal and 
vertical coordinates of r's centre with reference to R's centre when in its in- 
itial position, 6 = DCG = angle between line of centres and vertical at 
time t, 0-^,0^ = angular rotations of R andr I 
about centres, « = initial value of 0, F = 
magnitude and direction of the resultant of the j 
reaction between the spheres at the point ol 
contact H, p = the magnitude and direction of i 
the normal pressure at H. 

From the geometrical relations, x = R6 X -f 
{R + r)sind. . . (1), y = (B + r)cos 6, . . . (2) 
R(6 — a — 0-s) = extent of arcs bro't into con- 
tact, R(0 — a — 8j) H- r + 6 — a = [(R + r) 
(0_«) _ R0{\ + r = 2 . . . (3), dx 2 + dtf= 
(R + r)dd*+RH6\ + 2R(R+r)cosdddde, , (4) I 

There being no loss of vis viva in perfect rolling, 2m'g(R-\-r) (cos a — cos 6) 

4- %R(R + r) (cos 6 — | )m' ^fi . . . (5) ; Fsin & = tangential component of 

.F at H, Fcos ^, = p = ra'y cos — m'(.B-fT)-p (®)> == normal pres- 
sure at H, = normal component of weight of r minus its centrifugal force. 

jPsinl — ^L) = horizontal component of .Fat H, acting to right on low- 
er sphere, also = horizontal force at B, the lower point of contact. F, act- 
ing in direction HN, is the only force communicated by the weight of the 
upper sphere to the lower, and therefore the lower sphere will tend to move 
to the right or to the left according as HN passes to the right or left of B. 

By the principle that the angular acceleration of a body about a fixed axis 
=the moment of the impressed forces divided by the moment of inertia with 
respect to that axis (Bartlett's An. Mech. 8th ed. p. 248), I have the follow- 
ing four eq'ns : The angular acceleration of r about its central axis = that 
which would be produced by the force F acting upward with the lever arm 
OM, while the body were retained by a fixed axis through G, hence 

Ft sin? h- fmV= ^1 . . (7); Fb[ sin J- sin(0- J ))+fmi?=^I, .(8) 

for lower sphere about axis through jB. 
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For common rotation of both spheres about axis through centre of lower, 

FRmn(0-P)+ { fmE 2 + m'[f r 2 + (R + rf\ } = ^1, (9) 

and for rotation of upper sphere about axis through If, 

r (m'g sin — m'(R + rf^A -=- f mV = ^- (10) 

Eliminating -Fsin^, and Fsinfo — P\ from (8) by (7) and (9), 

w/* 2 * a = 9miJ! 2 + m'[> 2 + 5(i; + r) 2 ] d^ ^ 

Integrating twice and observing that X and 2 begin together, 

n _ ( 9m + 5m/)jR 2 + 7m V 3 + 10m VR v „ / 19 v 

" 2 2mV£ X ^ *"> 

Hence by (3) 0, = ^ + 2 ^ ^H-'lfaVJi (13) 

Substituting in (1) 0j from (13) and from (2) 
a; = 2m'.R 2 (.R + r) (0 — a)-^-\%mR 2 + m'(7J5 2 + 7r 2 + lO»\R)]+(.R+r)sin0 

= 2ro'i?(iJ + r) •{ [cos" 1 y+(JB+7) — a] }■ -s- [9mU 2 + m'(7J? 2 + 7r 2 
-}- 10ri?)] + j/[(^ + *") 2 — 2/ 2 ] • • • (14), which is the required equation. 

From the figure NO : R : : sin Gffi^ : sin JV"; hence by (7) and (9) 

NO : R :: fm' A . t^ 2 ±»W±(g4^ ^1, and 

Ctt XL Ctt 

by (11)^0 : #:: 9mi2 2 + m'[2r 2 +5(i2+r) 2 ] : 2mR 2 +m'[2r i ±5{R+rf], 
in which the first term of second couplet being greater than the second term 
by ImR 2 , NO is in all cases greater than R, and therefore F or UN passes 
to the right of the point of contact B, and both spheres in all cases have 
their motions on the same side of the origin*. 

Ifi 2 

The value of dd 1 from (13) in (5) gives -^-, which in (6), p = m'gcoad 

at 

— (R + f) m '-52- = 0, gives an equation of the 2nd degree in cos 0, from 

which one of the values of cos gives the point of separation. 

By equality of (7) and (10), F sin J = fynfg sin — fm' *±T. ^1, 

which shows that the tangential component employed in giving rotation to 
upper sphere about its central axis = -f- of the tangential component of the 
weight m'g, only when the surface on which the rolling takes place has no 
motion. 

*We dissent from this conclusion, 1st: Because it may easily be shown, from a different 
course of reasoning, that, in certain positions, the spheres will roll in opposite directions; 



